Here we discuss the role of the conductor of a ring extension vis-a-vis the descent of projectivity and injectivity. Regarding the former, the first result says that an injective homomorphism of commutative rings descends projectivity if it does so modulo the conductor. The cheap version-that with noetherian hypotheses-of the descent of projectivity by a finite homomorphism due to Gruson then follows easily. A carbon copy-with the natural modification-of the descent of injectivity is also proved.
The statement of the results follows very closely the lines of similar work of Ferrand ([2] ) on flat modules rather than those of the remarkable [3] .
1* Conductor and projectivity* Throughout rings will be commutative with identity element. The price to lift the restriction of commutativity would be to load the exposition with expressions like "two-sided ideal", "bi-module", etc., without any real gain, in view of the fact that for the applications the commutativity is critical.
The main result of this section is, almost word for word, the projective analogue of [2] . Rather than using the results already obtained there, at no cost, we will provide complete proofs based on simple calculations. THEOREM 
Let h: A -> B be an injective homomorphism of rings, I an ideal of A and E an A-module. Then E is A-projective if and only if B ®^ E is B-projective and E/IE is A/I-projective in the following cases:
We must show that the natural map I(& A E-*E is injective. This follows from the commutative diagram
where the vertical map on the left is the natural identification while 603 the lower horizontal map is injective by the 5-flatness of B ®^ E.
be exact with F A-free By tensoring it with B we get (from now on unadorned tensor products are taken over A)
As B (x) E is J5-projective, this sequence splits piecemeal; by tensoring it with B/I over B, we get the exact sequence
which can also be written
By (1) REMARKS, (a) In (ii) above it is enough that I be T-nilpotent, for it follows from [3, p. 60 ] that E is flat and the argument in (ii) yields a splitting, (b) If A is artinian, with / the radical of A, one has that any injective homomorphism descends projectivity. (c) With
Thus the inclusion A->B descends projectivity. COROLLARY 
Let A, B be commutative rings under the conditions of (i) above, and let E be an A-rnodule. If 2? (x) E (and resp. E/IE) is finitely generated over B (resp.over A/1), then E is finitely generated over A. (Descent of finiteness)
Proof. Pick n large enough such that there is a sequence 2* Conductor and injectivity* Now we discuss the injective analogue of Theorem 1.1. The existence of injective envelopes is quite essential for the proof. THEOREM 
Let h:A->B be an injective homomorphism of rings, I an ideal of A and E an A-module. Then E is A-injectίve if and only if Hom^I?, E) is B-injective and Horn A (A/1, E) is A/Iinjective in the following cases: (i) I is also a B-ideal.
(ii) I is nίlpotent. where η and Θ are onto by the injectivity of F. Let φ be a splitting for the upper sequence; let ceC and a e Horn (5, C) be such that 0(α) = C that is, α; is such that a(ΐ) = c. Define ψ(c) 6 Horn (A, F) to be η(φ(a)). We claim that α^ is well defined and provides a splitting for the lower sequence. Assume first that a(l) = 0: then /. a(B) = 0 and thus a = 0, and ^ is well defined. Next, we have
(ii) Reduce first to the case P = (0). It is enough now to show that Ext 1 (A/I, E) = 0 for τ Έ is essential in τ F and thus 7 C = 0 implies C = 0. Just read this off the commutative diagram where the right vertical map is surjective by the A//-injeetivity of Z E and the lower horizontal map is exact by the J5-injectivity of Horn (B, E).
COROLLARY 2.2. Let h: A~+B be an injective homomorphism of rings, I the conductor of B/A. Then if A/I and B are both noetherian rings and B/I is finitely generated as an A-module, A is noetherian (and hence B is finitely generated as A-module).
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